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ABSTRACT :

In this paper, an attempt has been made to study thermoelastic response of a thin annular disc
occupying the space D: a <r < b, -h <z < h, with the stated boundary conditions. The
temperature, displacement and stress functions of the disc are determined by using the finite

Hankel transform techniques.
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1. Introduction:

During recent years, the theory of thermo elasticity has found considerable applications
in the solutions of engineering problems. The thermo elastic behaviour of an annular disc
constituting foundations of containers for hard gases or liquids, in the foundations for furnaces,

in applications involving turbine motors, flywheels, gears etc. is increasingly important.

In this paper, an attempt has been made to study the direct steady state thermoelastic
problem to determine the temperature, displacement and stress functions of a thin annular disc of
thickness 2h. The homogeneous boundary conditions of the third kind are maintained on the
lower plane surface, while upper plane surface is maintained at f (r), which is known function of

r . The finite Hankel transform technique is used to find the solution of the problem.

2. The Transformation and its Essential Property
If f(x) satisfies Dirichlet’s conditions in the range b < x < a , and if its finite Hankel transform in

that range is defined to be

HITOOI= F () =
b
DA00R, (0508, (a5)=3,, (@), 0 1o 2.1)

Where , J,, is Bessel function of order p of first kind, G,, is Bessel function of order n of second

kind, and &, is a root of the transcendental equation,
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Then at each point of the interval ( b, a) at which the function f(x) is continuous,
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(2.3)
the summation extending over all the positive roots of (2.2).
Property of Hankel transform :
" o*f  1of
J. 7 T o
il OX° X OX

} [0,(x&) G, (ag) -3, (a)G, (x&)1dx

A Quarterly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [JsiINECELERNEIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Engineering, Science and Mathematics
http: //www.ijmra.us



March IV o emISSN: 2320-0294

2016 =

2 —

=_§i f‘u(é:i)+a[JlLl(X§i)G‘u(a§i)_Jﬂ(agi)Glu(Xfi)]X= a
+b[‘],u(X§i )G,u(agi)_\],u(afi )G/J(Xfi )]X=b
2 —

=_§i f,u(é:i)

3. Formulation of the Problem: Governing Equation

Consider a thin annular disc of thickness 2h occupying the space D:a<r<b,-h<z<h,

the material being Homogeneous and isotropic.
The differential equation governing the displacement function U( r, z) as in Nowacki W. [4] s,

o°U  1aU
+-—=(1+v)aT 31
With U,=0atr=a andr=h. (3.2)

v and a, are the Poisson’s ratio and the linear coefficient of thermal expansion of the material
of disc respectively and T is the temperature of the disc satisfying the differential equation

o°T 10T o°T
-+ e 0
or ror oz (3.3

Subject to the boundary conditions

oT

—=g(r) at r=a, —-h<z<h (3.4)
or

_T(r, 7) +K, g, Z)} —f(r) (3.5)
L aZ z=h

(r,2)+k, T Z)} -0 (36)
L oz z=-h

The stress function oy and ogg are given by

16U
Opn = —Z/J A
ror (3.7)
o°U
Oy =2 .
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Where p is the Lame’s constant , while each of the stress functions ©,,,0,,,0, are zero

within the disc in the plane state of stress.
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The equations (3.1) to (3.8) constitute the mathematical formulation of the problem under

consideration.

4. Solution of the Problem
4.1 : Determination of the Temperature T (r, 2):

Applying finite Hankel transform stated in [7] to ( 3.3) to (3.6), ,one obtains
d ZT* _ 2

T°=0 4.1
dzz luﬂ ( )
. dT " (u., "

T wmn%} — () (42)
T*(yn,z)+k2W} ~0 (4.3)

Where T denotes the finite Hankel transform of T and p, is the Hankel Transform parameter.
The equation (4.1) is a second order differential equation whose solution is given by

T (u,,2) = Acosh(u, z) + Bsinh(u, ) (4.4)
Where A and B are constants.

Using (4.2) and (4.3) in (4.4) , we obtain the values of A and B.
Substituting these values of A and B in (4.4),

[sinh(, (2 + h)) — k, 44, cosh(u, (z + h))] } (4.5)

T ln.2) (ﬂ”)[[(l—klkzﬂnz)sinh(Zﬂnh)+ﬂn (k, —k,)cosh(2z,h)]

and then inversion of finite Hankel transform lead to
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And p, is a root of the transcendental equation,

b, (14,2)G,(1,b) - 3,(1,0)G, (1,2) F0

Equations (4.6) and (4.7) are the desired solution of the given problem.

4.2. Determination of Displacement Function
Substituting this value of T(r , z) from (4.6) in ( 3.1), one obtains the thermoelastic displacement
function U(r, z) as

U(r,Z) =_(1+V)at i - Zﬂng(ﬂ;a) % f*( n) [Sinh(éln (-Z+h))_k2:un COSh(ﬂn (Z+h))]
nt Jo (beey) — Jo (an,) [(A— kK, £2,7) sinh(2¢,0) + e, (k, — K, ) cosh(2.4,h)]
x [ (ra, )Gy (bat,) — 3, (b, )Gy (rps,) ]
(4.8)

4.3. Determination of Stress Functions:

Using (48) in (3.7) and (3.8), the stress functions are obtained as

(o}
rr

—2u 14 v)a i 2035 (118) () [sinh(x, (z + h)) =k, 1, cosh(u, (z + )]
r t n=1 Joz(b/un) - ‘]02 (a/un) i [(1_ klkzﬂnz)Sinh(zlun h) + Hy (kl - k2) COSh(Z,Unh)]
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5. Conclusion:

In this paper, the direct steady state problem of thermoelastic deformation of a thin annular
disc of thickness 2h, with stated boundary conditions is discussed. The finite Hankel transform
technique is used. The temperature, displacement and thermal stresses that are obtained can be

applied to the design of useful structures or machines in many engineering applications.
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